Abstract. A general class of weighted multilinear Hardy-Cesàro operators that acts on the product of Lebesgue spaces and central Morrey spaces. Their sharp bounds are also obtained. In addition, we obtain sufficient and necessary conditions on weight functions so that the commutators of these weighted multilinear Hardy-Cesàro operators (with symbols in central BMO space) are bounded on the product of central Morrey spaces. These results extends known results on multilinear Hardy operators.
Introduction
The Hardy integral inequality and its variants play an important role in various branches of analysis such as approximation theory, differential equations, theory of function spaces etc (see [4, 10, 18, 20, 29, 30] and references therein). Therefore, there are various papers studying Hardy integral inequalities for operator S and its generalizations. The classical Hardy operator, its variants and extensions were appeared in various papers (we refer to [4, 5, 13, 14, 15, 20, 21, 29, 30, 31] for surveys and historical details about these differerent aspects of the subject). On the other hand, the study of multilinear operators is not motivated by a mere quest to generalize the theory of linear operators but rather by their natural appearance in analysis. Coifman and Meyer in their pioneer work in the 1970s were one of the first to adopt a multilinear point of view in their study of certain singular integral operators, such as the Calderón commutators, paraproducts, and pseudodifferential operators. f (t)dt. Results on the boundedness of U ψ on L p R d were first proved by Carton-Lebrun and Fosset [5] . Under certain conditions on ψ, the authors [5] found that U ψ is bounded from BMO(R d ) into itself. Furthermore, U ψ commutes with the Hilbert transform in the case n = 1 and with a certain Calderón-Zygmund singular integral operator (and thus with the Riesz transform) in the case n ≥ 2. A deeper extension of the results obtained in [5] was due to Jie Xiao [31] . Furthermore,
Theorem 1.1 implies immediately the following celebrated integral inequality, due to Hardy [20] (
For further applications of Theorem 1.1, for examples the sharp bounds of classical Riemann-Liouville integral operator, see [13, 14] . Recently, Chuong and Hung [7] introduced a more general form of U ψ operator as follows.
(1.5) U ψ,s f (x) = 1 0 f (s(t)x) ψ(t)dt.
Here ψ : [0, 1] → [0, ∞), s : [0, 1] → R are measurable functions and f is a measurable complex valued function on R d . The authors in [7] obtained sharp bounds of U ψ,s on weighted Lebesgue and BMO spaces, where weights are of homogeneous type. A characterization on weight functions so that the commutator of U ψ,s is bounded on Lebesgue spaces with symbols in BMO. We notice that also in [7] , the authors proved the boundedness on Lebesgue spaces of the following operator (see Theorem 3.2 [7] )
When d = 1 and s(t) = 1 t , then H ψ,s reduces to the classical weighted Hausdorff operator (see [25, 26] and references therein).
Very recently, the multilinear version of U ψ operators was introduced by Z.W. Fu, S.L Gong, S.Z. Lu and W. Yuan [14] . They defined the weighted multilinear Hardy operator as
As showed in [14] , when d = 1 and ψ(t 1 , . . . , t m ) = 
In [14] , the authors obtain the sharp bounds of U m ψ on the product of Lebesgue spaces and central Morrey spaces. They also proved sufficient and necessary conditions of the weight functions so that the commutators of U m ψ , with symbols in central BMO spaces, are bounded on the product of central Morrey spaces. In [17] , S. Gong, Z. Fu, and B. Ma studied the bounds of U m ψ on the product Herz spaces and the product Morrey-Herz spaces. Notice that there is another multilinear version of Hardy operators which was also studied in [15, 28] .
Motivated from [7, 14, 13, 17, 21] , this paper aims to study the boundedness of a more general multilinear operator of Hardy type as follows.
A mutilinear version of H ψ,s can be defined as
where R + is the set of all positive real numbers.
It is obviously that, when n = m and s k (t) = t k , U is trivially more general than known operators U ψ , U m ψ , our results can be used to recover main results of [7, 13, 14, 31] .
Throughout the whole paper, the letter C will indicate an absolute constant, probably different at different occurrences. With χ E we will denote the characteristic function of a set E and B(x, r) will be a ball centered at x with radius r. With |A| we will denote the Lebesgue measure of a measurable set E, and E c will be the set R d \ E. With ω(E) we will denote by E ω(x)dx and S d will be the unit ball {x ∈ R d : |x| = 1}.
Notations and definitions
Throughout this paper, ω(x) will be denote a nonnegative measurable func-
The weighted BMO space BMO(ω) is defined as the set of all functions f , which are of bounded mean oscillation with weight ω, that is,
where supremum is taken over all the balls B ⊂ R d . Here f B,ω is the mean value of f on B with weight ω:
The case ω ≡ 1 of (2.2) corresponds to the class of functions of bounded mean oscillation of F. John and L. Nirenberg [22] . We obverse that
Next we recall the definition of Morrey spaces. It is well-known that Morrey spaces are useful to study the local behavior of solutions to second-order elliptic partial differential equations and the boundedness of Hardy-Littlewood maximal operator, the fractional integral operators, singular integral operators (see [1, 6, 24] ). We notice that the weighted Morrey spaces were first introduced by Komori and Shirai [24] , where they used them to study the boundedness of some important classical operators in harmonic analysis like as Hardy-Littlewood maximal operator, Calderón-Zygmund operators.
Definition 2.1. Let λ ∈ R, 1 ≤ p < ∞ and ω be an weight function. The weighted Morrey space L p,λ ω (R d ) is defined by the set of all locally p−integrable functions f satisfying
The spaces of bounded central mean oscillation CMO q R d appears naturally when considering the dual spaces of the homogeneous Herz type Hardy spaces and were introduced by Lu and Yang (see [27] ). The relationships between central BMO spaces and Morrey spaces were studied by Alvarez, Guzmán-Partida and Lakey [2] . Furthermore, they introduced λ−central BMO spaces and central Morrey spaces as follows.
is defined by the set of all locally p−integrable functions f satisfying
is a Banach space and one can easily check thatḂ
. Similar to the classical Morrey space, we only consider the case −1/p ≤ λ < 0. Definition 2.3. Let λ < 1 n and 1 < q < ∞ be two real numbers. The weighted space CMO
Let ρ be the measure on (0, ∞) so that ρ(E) = E r d−1 dr and the map
. Then there exists an unique Borel measure σ on S n such that ρ × σ is the Borel measure induced by Φ from Lebesgue measure on R
. (see [12, page 78] for more details). In one dimension case, it it conventional that S d ω(x)dσ(x) refers to 2ω(1).
Definition 2.4. Let α be a real number. Let W α be the set of all functions ω on R d , which are measurable, ω(x) > 0 for almost everywhere x ∈ R d , 0 < S d ω(y)dσ(y) < ∞, and are absolutely homogeneous of degree α, that is
Let us describe some typical examples and properties of W α . Note that, a weight ω ∈ W α may not need to belong to
In case d > 1 and α = 0, we can construct a non-trivial example as the following: let φ be any positive, even and locally integrable function on
3. Sharp boundedness of U m,n ψ, s on the product of weighted Lebesgue spaces Before stating our results we give some notations and definitions. Definition 3.1. For m exponents 1 ≤ p j < ∞, j = 1, . . . , m and α 1 , . . . , α m > −d we will often write p for the number given by
It is obvious that ω ∈ W α . We say that (ω 1 , . . . , ω m ) satisfies the W − → α condition if
Notice that the weights ω as defined in (3.2) were used in [19] to obtain multilinear extrapolation results. On the other hand, Condition (3.3) holds for power weights. In fact, (3.3) becomes to equality for ω k (x) = |x|
First we will show the following result which can be viewed as an extension of Theorem 1.1 to the multilinear case. n → R be measurable functions such that for every k = 1, . . . , m then |s k (t 1 , . . . , t n )| ≥ min{t
Furthermore,
Minkowski's inequality, Hölder's inequality and change of variable, we have
In order to prove the converse of the theorem, we first need the following lemma. 
Since the proof of the lemma is straightforward, we omit it. Now we shall prove the theorem. Let ε be an arbitrary positive number and for each k = 1, . . . , m we set
From the assumption |s k (t 1 , . . . , t n )| ≥ min{t
This implies that
Notice that
Thus, letting ε → 0 + and by Lebesgue's dominated convergence theorem, we obtain
Combine (3.6) and (3.7), we obtain the result.
Analogous to the proof of Theorem 3.1, one can prove the following result. n → R be measurable functions such that for every k = 1, . . . , m then |s k (t 1 , . . . , t n )| ≥ min{t
if and only if
, and λ =
Let ω k ≡ 1, we have that α k = 0 thus (3.15) becomes equality and (3.17) holds only when λ 1 p 1 = · · · = λ m p m . Hence, we obtain Theorem 2.1 in [14] .
Proof. Since
, by Minkowski's inequality and Hölder's inequality, we see that, for all balls B = B(0, R),
This means that
Now we assume that (3.17) holds and U m,n ψ,s is bounded fromḂ
This leads us to
From the proof of Theorem 3.4, we also obtain the similar result to H m,n ψ,s operator.
Commutators of weighted multilinear Hardy-Cesàro operator
We use some analogous tools to study a second set of problems related now to multilinear versions of the commutators of Coifman, Rochberg and Weiss [9] In this section, we consider the sharp estimates of the multilinear commutator generated by U m,n ψ, − → s with symbols in CMO q (R d ). 
In what follows, we set
(i) If both C and D are finite then for any
We note here that D is finite is not enough to imply C is finite (see [13, 14] ). But it is easy to see that, if we assume in addition that for each k = 1, . . . , m such that |s k (t)| ≥ c > 1 for all t ∈ [0, 1] n or |s k (t)| ≤ c < 1 for all t ∈ [0, 1] n , then C is finite if and only if D is finite. Thus, Theorem 4.1 implies immediately that
is bounded fromḂ
Now we will give the proof for Theorem 4.1.
Proof. First we assume that C m is finite. We shall give a details analysis for the case m = 2 and by similarity, the general case is proved in the same way. We denote B = B(0, R) for short. Let
For any x i , y i , z i , t i ∈ C with i = 1, 2, we have the following elementary inequality
It is convenient to denote by b i,ω,B the integrals B 1 ω(B) b i (x)ω(x)dx for i = 1, 2. Now applying the inequality with
and using Minkowski's inequality, we get that
Choose now p < s 1 < ∞ and p < s 2 < ∞ such that
. Notice that
. Then by Hölder's inequality, we have that
Similarly to the estimate of I 1 , we have that
Now we give the estimate for I 3 , applying Hölder's inequality, we get that
Notice that [0, 1] n is the union of pairwise disjoint subsets S ℓ 1 ,...,ℓm , where
Thus we obtain that
Now we give the estimate for I 4 . Similarly, we choose 1 < s < ∞ such that
then Minkowski's inequality and Hölders inequality imply that
From the estimates of I 1 and I 3 , we deduce that Lemma 4.1. If ω ∈ W α and has doubling property, then log |x| ∈ BMO(ω).
This lemma was proved in [7] , for convenience of the reader, the proof to the lemma is presented here.
Proof. To prove log |x| ∈ BMO(ω), for any x 0 ∈ R d and r > 0, we must find a constant c x 0 ,r , such that |s k (t)| (d+α k )λ k log 1
Taking the supremum over R > 0, we get that
|s k (t)| (d+α k )λ k log 1 |s k (t)| ψ(t)dt < ∞.
